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ABSTRACT
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Chapter 1

Introduction

In [15] we have presented an analysis of a practically important form of the regularized
Navier-Stokes equations. We also presented a theorem for the convergence of the solution of
such system to the solution of the conventional Navier-Stokes system as the regularization
parameter approaches zero.

In this paper we will present an analysis of the structure of the attractors associated
with the regularized system. We will present in particular theorems for stable and un-
stable manifolds associated with each periodic solution and establish their analyticity and
invariance properties. The main machinery needed for these invariant manifold theorems
are the analyticity properties of the nonlinear semigroup and its Fréchet derivative and
spectral theorems for the monodromy operator. These results are established in section 3.

In the section 4 of the paper we establish the existence of a global attractor for the
system and prove its compactness. We also note certain bounds on the attractor which are
uniform on the size of the regularization parameter. We then prove the existence of global
(inertial) invariant varieties containing this attractor. Such a global invariant manifold
theory is proposed in [6] for certain class of semilinear evolution equations. Motivation
for such study of course comes from the famous paper of E. Hopf [8]. We then study the

regularity of the inertial manifolds and obtain sufficient condition for them to be C!.



Chapter 2

Governing Equations and Functional
Framework

In this chapter we will briefly outline the mathematical framework used in this paper.
For detail proofs of the relevant theorems see [15]. We regularize the conventional Navier-
Stokes equations by adding a fourth order operator (Laplacian square) with an artificial
dissipation parameter €. In addition to the prescribed initial field ¥, and Dirichlet bound-
ary condition, we also prescribe the Laplacian of the velocity field at the boundary to be
zero. Let 1 C R",n < 6 be a bounded open set of class C",r > 4. The problem is to find

(u,p) : @ x (0,00) — R™ x R such that

)
-a-'t‘-+eA2u—uAu+(u-V)u+vp=f, in 0 x(0,00), 2.1)
V-u=0, in 0 x (0,00), 2.2

ujon =0, Aulsn =0,

SV
=5

(2.
(2:2)
(2:3)
u(z,0) = uo, in Q. (2.4)

24

Here v > 0 is the coefficient of the kinematic viscosity of the fluid and f is a prescribed

vectorfield.

Let us introduce the following function spaces:

7(0) ={u: Q2 - R* ue C*N), ulsg =0, Au|sq =0, divu = 0},
H={u:0— R" ue L*(N), divu =0 u-nlsq = 0},

V={u:0— R" uec H*(QN), divu =0, u|sg = 0}.



v

Here we denote by H™((1), the Hilbertian Sobolev space of (square integrable) vector-
fields whose distributional derivatives up to order m are square integrable. These spaces
are endowed with the inner product

(u, ‘v)Hm(n) = Z (Dau, Da'v)Lz(n)
ja|<m

and the norm

lullm@y = ( 3 I1D%ullla@)"/* -

|e|<m

It can be shown [15] that the spaces H and V are respectively the completion of j(f2) in
the norm L?(Q1) and H?*(1).

The space H is endowed with the inner product (u,v)2 and norm |u| = (u,u) }1/22 One
can easily verify that the norm induced by H?({2) and the norm ||Au||z2q) are equivalent
in V. We then denote ||u| = ||Au|lL2q) = (u,u)%,/2 as the norm in V derived from the

inner product
R

T;0%;

) -

Let us now characterize a linear self adjoint positive operator A (which we call the

(v, v)v Z(az.az. E}

dissipation operator) using the following fundamental linear problem : Find (u,p) : @ —

R™ x R such that
A2u+Vp=f, inﬂ,

V-u=0, in 1, (2.5)
u|an = 0, A‘ulan =0.
This equation characterizes a linear operator relating u to f and is defined on j (). Let
us denote the Friedrich’s extension of this operator as A. This operator can be defined as
follows: We define a positive definite, V-elliptic symmetric bilinear form a(:,-) : VxV — R

by
0%v
Z:(6:1:.6:::, 8:1:.8:1:.)

a(u,v) =

Then by Lax-Milgram lemma we obtain an isometry A € L(V;V) as

< Au,v Syicy=a(u,v) =< f,v Syixy, VvevV,



and Au= f € V' = L(V;R). We then define D(A) as follows: for fe H CV',JueV
such that

a(u,v) = (f,v)g, VveV.

We then denote u € D(A). We thus have A € L(D(A); H) N L(V;V'). The operator A
defined above is closed with D(A) dense in V C H. From this it is easy to conclude that

A is self adjoint. Since the continuous form af(-,-) is positive definite we deduce from a

theorem of Lions [13] that D(AY?) =V and
a(u,v) = (A*u,AV?v) Vu,veV.

This implies,
lul?> = a(u,u) = |AY*u* VueV.

We have in fact A = A;A4; : 4 — f so that A is an isomorphism from D(A) onto H
with A, the Stokes operator and A, the Friedrich’s extension of the Laplacian operator|[15].
This gives

u € D(A) = {u € H*(Q);u|sn = 0, Au|sn = 0, divu = 0}.

We also have the following estimate for solution (u, p)
lull ey + llpll )k < cof film -
In consequence of the relationship Au = f, 38;,8: € RY such that
Billul|lge(a) < |Au| < Bo||ul|geny, VY u€ D(A). (2.6)

By Rellich’s Lemma [1] A™! as a mapping in V' (or H) is compact. Hence the spectrum

of operator A consists of real eigenvalues p; of finite multiplicities and can be ordered as
O<pySpp<---, pj — +oo as j— +oo,

with accumulation possible only at infinity. The self adjoint operator A possesses an

orthonormal set of eigenfunctions {¢,}$2, complete in V' (or H).

Ad; = p;db; ¢, €V(or D(4)), Vj. (2.7)



If we identify H with its dual H' using the Riesz representation theorem then we get

the following continuous dense and compact embedding structure :
D(A)cV c H=H'cV'c D(A).
Let us now define the trilinear form b(-,,-) associated with the inertia terms:
n
b(u,v,w) = E / u,Div,w;dz, D;=—.
ig=1"10 '
It can be easily shown by applying the divergence theorem and noting that v and w have

zero trace,

b(u,v,w) = —b(u,w,v), VuovweV

and

b(u,v,v9) =0, VuveV.

By the application of Hoélder inequality and Sobolev embedding theorem we can show

that b(:,-,-) is trilinear continuous on H™ () x H™*1(Q) x H™ (1), m; > O

(u, v, w)| < collul|zrmi(ayl| vl Hmati(ay @] Bms(a) 5

my, +mg +mg > if m;# t=1,2,3 and

my + mg + m3z > if m; = for some 1 . (2.8)

DI
SRR

In particular, for n < 6, b is a trilinear continuous form on V xV x V. When 1 is bounded,

the following interpolation inequality holds [14]:

lull ga-nrmssoms < ellullgm? [ullfms , Vu€ H™(Q), my < my, 0€]0,1]. (2:9)

From the above we will derive in particular,

[6(u, v, w)| < c1ful1/2Hu”llzHle/zlAvfl/zlwl, YueV,ve D(A),we H (2.10)

b(s,9, )| < calul2[ul 2l 202 w],  VupweV, (2.11)



where ¢;, ¢, are positive constants. By virtue of (2.8), we know that the above inequalities
are valid for space dimension n < 6. The estimate (2.8) enables us to define (using Riesz
representation theorem) a bilinear continuous operator B from H™ (1) x H™+!(Q1) into

(H™(0))'. In particular, for u,v,w € V, B(u,v) € V' will be defined by
< B(u,v),w >yiy=b(u,o,w), VweV. (2.12)
Let us note that a linear operator A; from V onto H can be defined as
(Aju,v) = (Vu, Vo), Vu,veV (2.13)

and Aju = —PgAu, Vu € V. In fact A; is the Stokes operator associated with the

conventional Navier-Stokes equations. Py is the orthogonal projector in L*(f1) onto H.



Chapter 3

Local Invariant Manifolds

In this chapter we will establish the hyperbolicity of periodic solutions. Existence
theorem for the periodic solutions is provided in [15]. Here we will study the orbits nearby
each periodic orbit. We will prove in particular the existence, uniqueness and analyticity of
stable and unstable manifolds. Such results for conventional Navier-Stokes equations have
been proven in [20]. Let us consider a perturbation about a general time dependent smooth
and bounded field (U(z,t), P(z,t)). We assume that this basic field satisfies the governing
equations and the boundary conditions. Let us introduce 4y = U + v and p = P + ¢ in

(2.1)—(2.4). Then the perturbation solution (v, g) satisfies.

d
r a—:+eA2v—VAv+(U-V)v+(v-V)U+(v-V)v+Vq=0,
V.v=0, in 1 x (0,00),

(3.1)

vjsga =0 Av|sq =0,

[ v(z,0) = v,, in Q.
Let us now rewrite this system as an equation of evolution in the Hilbert space V.. This
can be achieved by applying the projection operator Py on the system (3.1). Noting that

Py (Vgq) = 0, we get the evolution equation for v:
d
d_v + edAv + vAv+ Ly(t)v+ B(v,v) =0, t >0,
¢ (3.2)
v(0) =vo V.

Here A € L(V;V') is the dissipation operator defined earlier and A; € L(V; H) is the



Stokes operator. We can use the Riesz representation theorem to characterize Ly (t) and
B(-,-) as

< Ly(t)v,w >yiy=b(U(t),v,w) + b(v,U(t),w), VweV.
and

< B(v,v),w >yixy=b(v,0,w), VweV.

3.1 The Cauchy Problem and Associated Semigroup

In this section we will derive few useful properties of the semigroup generated by the
dissipation operator —eA. These estimates will be used to resolve the nonlinear semigroup
associated with the regularized Navier-Stokes equations as well as to establish certain
results concerning the invariant manifolds.

Let us consider the Cauchy problem:
Problem 1 Find v € C([0,00);V) N C*(0,00; V") such that

d

[ d—';+eAv=0, t>0,
1}(0) =99 € V.

Before studying the semigroup S(t) : vo — v(t) associated to the above problem, we will

document certain relevant properties of the resolvent of —eA.

Lemma 3.1 Let B; and B; be two Hilbert spaces defined below such that the embedding

B, C B, 15 continuous and dense. Then the resolvent of the dissipation operator —eA

satisfies :
1
(i) |R(A;—€A)| z(BaiBa) < o’ for A\ #0, where Af=1ImA, (3.3)
1
1
(ll) ||R(A, —GA)Hﬁ(Bz;Bz) S m s fOf' AR > —€ly , (34)
M -
(i) |R(X; —eA)|lo(BsiBy) < tea’ for A€ X5, A# —ea, (3.5)

where £; = {A;]arg(A + ea)| < 7/2+ 6,0 < § < 7/2} and 0 < a < py, py s the smallest

eigenvalue of the operator A. Here we will take the spaces By, and B, as either



{a} B1=V, B2=V’
or

(b) BIZD(A)’ Bz

H.

Proof: (i) let us write u in B; as an expansion of the eigenfunctions of A:

Z 4, $;) B, Py -

k=1

Since ¢, are orthonormal,

|(u ¢k le
IR0 —ed)uh, = 3 BB < S,

Here we used the fact that

1 1
< ?
(Ar + eme)® + AP~ (M

Vk, A=Ag+iAs.

Thus, the resolvent of —€A in B, satisfies

1
| R(X; —€A)||2(Ba;Ba) < ™l for Ar#0.

(ii) Similarly, it follows from

1 1

< VE,
(A + €ur)? + |A1]? = (Ar+ €1)?

that for Ap > —euy,
1

;= ) —.
1RO\ —eA) | emaia) < y— o
(iii) Combining (i) and (ii) we get for 0 <a <

V2 .
|R(X; —€A)||£(Ba;Ba) < W_I , with Agp> —ea.

From this we show by analytic continuation that

M
| R(A; —€A) || 2(Bs;By) < m , for A€XL;, A# —ea.



Theorem 3.1 —eA generates a C° semigroup S(t) such that:

(1) 1Sl e < €%, t>0,

(i1) 11S()llepaiy < —e eat t>0,

where 0 < a < u; and ¢ depends on €. Moreover S(t) can be extended as a holomorphic

. 1
semigroup in the sector As={z: |argz| < 6,6 = tan™! e—c,Rez > 0}.

Proof: (i) The spectrum of the operator —eA lies on the negative real axis, thus the
resolvent set p(—eA) will contain the positive real axis and from the estimate on the

resolvent in Lemma 3.1, we have

1

< —_ for Ap> —€a, a< pq.
B2) > AR+€G R ’ H1

| R(X; —€A)l 2(B,;

Hence by the Hille-Yosida theorem [16], —eA generates a strongly continuous semigroup
S(t) in B, and

S ()| c(Bais) < €7, t>0
(ii) Using the estimate (iii) of Lemma 3.1, We can represent S(t) as an integral

1
S(t) =5 /r MR(X; —eA) dA
10

where T is a smooth curve in 3°; consisting of two rays ze* and ze™*® , 0 < £ < oo and

7/2 < 8 < . T is oriented so that Ay increasing along I'. Differentiating the integral with

respect to t, we get

S'(t) = / AMR(); —eA) dA .

27rz

From (3.5), for A # —ea and t > 0

—eat

M ) e—cat

Me—eat 00 2 cos
15" ()l ¢(Ba:8a) < /0 e* od,,z( :

7t 7 cosf

Consequently,
c —€a
S leesainy = el AS W)l e(Baimn) = 1S (| e(paina) < J€7°, for t > 0.

10



t
Now due to the differentiability of S(t) for t > 0 and S(™(t) = (—eAS(i))" = (S’(;))",
n
we have
1 n ce\" —e€a
15O 0 ez < () e

To extend the semigroup S(z) in some sector, we consider power series for S(2) around ¢

oo ¢n)
5(:) =50+ X §—n!(—t)(z pey

This series will converge in £(Bz; B;) for
t
|z—t|§k<;), for k<1, t>0.

Hence S(t) can be extended to a holomorphic semigroup S(2) in the sector A; = {2 :

1
— tan-1
b b
larg z| < 6,6 = tan p” Rez > 0}.
O

Using the estimate (iii) of Lemma 3.1, we can define the positive as well as negative

powers of A. Since A~! is compact, the spectral resolution of the self adjoint operator A
can be used to define its fractional powers in a simple way. We thus write, Vo > 0
oo
Au =) pi(u,¢,)¢;, VuecD(A%),
k=1

with D(4*) = {u € H such that 2, u?*|(u, #,)|? < oo}.

Lemma 3.2 For a > 0 and t > 0, the bounded operatog A*S(t) satisfy the estimates:
M o
— forO<t< o

a t ©
| A*S ()|l e(BasBa) < !

a
ue <Mt fort > —,
L7751
a
where M = (—)*.
e

Proof: Note that any element u in B; may be represented as

u= i(“, ¢k)Bz¢k .
k=1

11



Hence we may write

AS(t)u =) pie " (u, ) p, b -
k=1
Thus,

“AC'S(t)”[f(Bz;Bg) < I£1>a,lx(u:€—€llkt) .
Note that the right hand side of inequality admits maximum when p; = ﬁt. This
€

proves the lemma since u; > 0 is the smallest eigenvalue.

Let Py be an orthogonal projector in V' onto the finite dimensional subspace of
span{@,, -+, ¢n} and @y = I — Py. Note that Py and Qn commute with A*. The
following lemma is useful in a later section and can be proved in a similar way to the

previous lemma.
Lemma 3.3 For a > 0 andt < 0, the bounded operator A*QnS(—t) satisfy the estimates:

M «a
—_— for — <t<O0,
(—t)e €EUN+1

4% QNS (=)l c(BaiBa) <

BN+t for —co <t < —

fIlN+1’
where M = (ﬁ)“.
€e
O
Since semigroup S(t) is holomorphic we have for t; > t; > 0
t2 dS(t t
S(t;) — S(t) = / ’ —()-dt = / 2(—eA)S(t)alt.
t1 dt t1
This gives
t2 ty
[S(t2) — St eqavy < f/h | AS ()|l c(arvydt = f/t 1A¥2S (&) | o2,y .
By applying Lemma 3.2 with « = 3/2 and B, = H, we obtain
1 1
5 (t2) = S(tx)lleqarivy < Cl(tm - tm) ; t2 >t > 0. (3.8)
1 2

12



3.2 The Characterization of the Monodromy Opera-
tor

We will now characterize the evolution operator Z(-,-) associated with the Cauchy’s
problem obtained by linearizing the regularized Navier-Stokes equations about a smooth

time dependent basic field. Let us consider the

Problem 2 Find v € C([0,00);V) N C((0,00); V") such that

%'tl + €Av +vAv + Ly(t)v =0, t>0, (3.9)
0(0) = vy € V.

We will show that the Problem 2 is equivalent to the following integral representation

for o(t):

Problem 8 Find v € C([0, 0); V) such that,
o(t) = S(t)wo— [ *S(t - 7)[v A1+ Lo (r)]o(r)dr , (3.10)
v(0) =vo €V .

Theorem 3.2 Let the basic field satisfies U € C([0,00); H(Q?)) and be bounded. Then
the Problem 8 resolves the Problem 2.

Note that the Stokes operator A, is a linear continuous operator from V onto H. Further-

more, the linear operator Ly (t) is characterized by
< Ly(t)v,w >yicv=6(U(t),v,w) + b(»,U(t),w), VYweV.
By virtue of (2.8) we obtain the following lemma.

Lemma 3.4 IfU € HY(Q), Ly € L(V; H).

13



Proof: Recalling the estimate for b(-,-,-) in (2.8), we take m; = 2 and my; = ms = 0 to
get
|6(v, U, w)| < eslo]| g2 |U | oy 1@ l| 20y , Yw € H.

A similar estimate holds for 5(U,v,w). Thus

(Lo, )] < (2 + e2)[ollv [Vl sy lwllzagey , Vo€ H .

Here we note that the norm induced by H?(f1) is equivalent to the norm in V. Setting
w = Lyv € H we get,

[ Lvvlzaga) < (e1 + e2) Ul ar(myllvllv-
O

In order to prove Theorem 3.2, we need first to establish certain properties of linear

operator K defined as
[Ko)(£) = — /0 *S(t = 1w As + Ly (r)]v(r)dr.

Lemma 3.5 Let K be the linear operator defined above. Then for sufficiently small Ty,
K s a contraction in C([0,T1);V). Moreover, K can be extended as a contraction in the
Banach space B defined as: B = {t — v(t);v(t) continuous in V for t €]0,T}| and t'/%v(t)
bounded in V }, with norm

t€(0,T,

lolls = sup ) 1# 20 ()]l -
O

Lemma 3.6 Forv € C([0,Ty); V), the time derivative [Kv]'(-) € C((0,T1);V'). Moreover,

when v € B the map t — [Kv|'(t) is continuous from ]0,T}) into V'.

The proofs for the above two lemmas are similar to those fer the conventional Navier-
Stokes equations [20]. Note that [Kv](t) € C([0,T1);V) and it has continuous right
derivative [Kv], (t) € C((0,71);V'). This implies [Kv|(t) is strongly differentiable and
[Kv]'(t) = [Kv],(¢) for t € (0,T1) (see Zaidman [23]).

14
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Proof of Theorem 3.2: We have shown that the strong derivative [Kv]'(t) exists and

[Kv]'(t) = —eA[Kv](t) — [vA1 + Ly(t)]v(t). This gives
[Kv)'(t) + eA[Kv|(t) + [VvA; + Ly(t)]v(t) =0,

with [Kv](0) = 0 which implies the representation (3.10) in Problem 3 satisfies the differ-
ential equation (3.9) in Problem 2. Moreover, due to the properties of the linear semigroup

S(t) established in previous section we have,
S(t)vo € C([0,00); V) N C1{(0,00); V).
From Lemma 3.5 and 3.6, we can conclude that
[ "S(t — 1)[vAr + Lo (n)]o(r)dr € C((0,T3); V) N C((0, TL); V')

Let us now characterize the evolution operator associated to the linear differential
equation in Problem 2. From the definition of linear operator K, we can rewrite (3.10) in

Problem 3 as
[(T = K)v)](t) = S(t)vo.

Then for small enough T3, the operator (I — K) is invertable in C([0,T1); V) and in B since

K is a contraction in these spaces. We obtain a convergent series in C([0,71); V) as
00
o() = K8 (Yoo (3.11)
n=0

Hence, the solution of Problem 3 can be denoted by v(t) = Z(t,0)vo. We call Z(¢,0) the
evolution operator. Note that the convergence of this series ensures the uniqueness of the
solution to Problem 3 (and hence to the Problem 2.} Let us now study the evolution for
t > 7 by prescribing the initial data at ¢ = 7 in Problems 2 and 3. The evolution operator

obtained(as a series) in this manner is denoted Z(t,7) with t — 7 < T;. Here T} is taken

15



small enough to ensure the convergence of the series. Let us consider for 0 <5 <7 < ¢,

v(t) = Z(t,7)v(r) with v(r) = Z(7,n)vo. That is
v(t) = Z(t,7)Z(7,n)v,.
Due to the uniqueness of the solution we have
v(t) = Z(t,n)vo = Z(t,7)Z(7,n)vo.
That is
Z(t,n) = Z(t,7)Z(r,n),0<n<r<t.

Iterating this kind of arguements we can extend the definition of Z(ts,t;) to t2—1t; € [0, 00).

a

The next series of lemmas provide useful regularity and compactness properties of
evolution operator Z(-,-). These lemmas can be proved using the same methods used in
the context of conventional Navier-Stokes equations [20]. Note that here the initial data
is prescribed in V for the evolution problem. This means we need to characterize Z(:, )
as an element in £(V;V). Moreover, the bilinear operator characterizing the inertia term
has the property B(-,-) € L(V x V; H). Hence we need to extend Z(-,-) as an element in
L(H;V).

Lemma 3.7 For 0 < 71 <t the evolution operator Z(t,7) satisfies the following estimates:

() 12 Dleww) < cse™7,

.. 1 oalt—r
(11) ”Z(t, T)“E(H;V) < c4{1 + m}e a(t=7) |

Here ¢3,¢c4 > 0 and 01,0 > 0.

16
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Lemma 3.8 For 0 < t; < t, < co we have as t; — t{,Z(t;,t1) — I strongly in L(V;V).
For t > 7 the map t — Z(t,T) is continuous in the uniform operator topology of L(V;V)N
L(H;V) and for v < t the map v — Z(t,7) §s continuous in the uniform operator topology

of L(V;V)n L(H;V).

Lemma 3.9 For 0 < 7 <t the operator Z(t,7) € L(V;V) N L(H;V) is compact.

d

Note that the evolution operator Z(t;,t;) : H — V is compact and hence the spectrum
of this operator is discrete with finite multiplicity and accumulation possible only at the
origin. Moreover, they are the same in H and V.

Let us now specialize our study to the case where the basic field U is T-periodic in

time.

Lemma 3.10 Let the basic field be T-periodic in time. Then
(i) Z(nT,0) = Z(T,0)"* , Vn > 1,

(i1) The spectrum of Z(T + to,to) s independent of o > O.

We will call the operator Z(T,0) the Monodromy operator.

3.3 The Nonlinear Semigroup

In this section we will characterize nonlinear semigroup associated with the nonlinear
syatem (3.1). We will define in particular the time T-map which relate the initial data vo
to the solution v at time T. In addition, we will prove that the dependence of v in the
initial data is Fréchet analytic. This last result will be used in next section to establish
the analyticity of the local invariant manifolds. Let us now consider the evolution form of

the regularized Navier-Stokes system.
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Problem 4 Find v € C([0,00);V) N C(0,00; V') such that

dv
dt
v(0)=vo€V.

+ eAv +vAv+ Ly(t)v+ B(v,v) =0, t>0, (3.12)

Here the bilinear operator B(:,-) is defined using the Riesz representation theorem as
< B(v,u),w >yiy=b(v,u,w), Vvwe V.

The evolution Problem 4 can be derived by simply applying the projection operator Py
onto the system (3.1).

Let us consider the following integral representation for the solution of (3.12):
Problem 5 Find v € C([0,00);V) such that
o(t) = 2(t,0)90— [ Z(t,m)B(o(n), (n))dn (3.13)
v(0) =o€V,
where Z(-,:) ts the evolution operator described in preceding section.

Theorem 3.3 Problem 5 resolves Problem 4.

Proof: First note that the representation (3.13) in Problem 5 formally satisfies the evo-
lution form (3.12) in Problem 4. From the regularity properties of the evolution operator
Z(t,0) we have,

Z(t,0)vo € C([0, 00); V') N C1(0, 00; V')

Hence if we set,
Y() = - [ 2(t,m)B(o(n), o (n)d, (3.14)

then we only need to show that Y (-) € C([0,00); V) N C*(0,00;V'). Let us first show that

Y (t) is bounded and continuous in V.
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Note first that B(-,-) € L(V x V; H). In fact from the estimate for b(-,-,) in (2.8) with

my =2,mq =1,ms = 0 we get
1b(t, v, 0)] < collullm@llelmmlwlim, YueV,weH.
Hence by the Riesz representation theorem we can write
b(u,v,w) = (B(u,v),W)pxn ,Yw e H.
By setting w = B(u,v) € H, this gives
|1 B(u,v) || < collullv[lvllv-

Thus B(v,v) € C(|0,00); H) for v € C([0, 00); V).
Let us now estimate (3.14) as,

1Y@l < [ 120 leamllBo(), v()illadn

Now using the estimates for the evolution operator Z(¢,7) obtained in the previous chapter
we get,
1Y lleqo.ryivy < yl(Tz)”"”é([o,T,);V) .
Let us now consider,
t
Y(e+h) -Y(®) = = [[12(t+h.m) = Z(t:m)B(v(n), v(n))dn

- [ 20+ hym)Blo(a), o(m)an.

Estimating this we get,

1Y (t+8) Y @lly < ([ 120+ hom) = 206, m)llcgrvydn

t+h
+ [ 12+ Bn)lcqandn} I1B(v, 9)llctom -
Again using the results of the previous chapter we get
Y (t+h)-Y(t)]lv < yz(t,h)||””z'([o,1',);V)
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with y,(t,h) — 0 as h — 0. We hence conclude that Y € C([0,73);V). Now,

Y(t+ h’)l —Y(t) _(Z(t + h, t})l — Z(t,t)) /Ot Z{tm) Blon),o(n))dn

2t +h 0 [ 2(tm)Blo(n), o(n))dn

Taking the limit k — 0 we get due to the continuity results of the evolution operator Z(, )

obtained last chapter
Y{(t) = —[eA+ vA; + Ly (?)|Y (t) — B(v(¢),v(¢)) .

Here Y () is the right derivative.

For v € C([0,T2);V) we have B(v,v) € C([0,T2); H) and Y € C([0,T2); V). Since A4 is
an isomorphism from V onto V', we have AY € C([0,T3); V') and [A; + Ly (t)]Y €
C([0,T3); H) due to the estimates on the trilinear form b(-,-,-). Hence we conclude that
the right derivative exists and Y/ (:) € C(0,T3;V'). From this as before we conclude that

the strong derivative Y'(:) € C(0,T3;V"'). Thus
Y'(t) + €AY (t) + vA1Y (t) + Ly ()Y (t) + B(v(t),v(t)) = 0,
which implies that Y (t) is a solution of Problem 4 with Y(0) = 0. This proves the Theorem.

O

The existence and uniqueness aspects of the solution can be established using the meth-
ods used in [9]. Here one shows that for a fixed time interval there exists a neighborhood
such that there is a unique solution for each initial data in this neighborhood. The time in-
terval can be taken to infinity by choosing this neighborhood sufficiently small. (However,
see remark.)

We will now establish an important result regarding the dependence of the solution on

the initial data. Let us rewrite Problem 5 in the form ¥ (v,v,) = 0. Here the map
F(--) : C(0,Ty;V) x V — C(0,T2; V)
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is defined by
F(v,v0) = v — Z(t,0)vo + M(v,v), (3.15)
with M(o,0) = [ * Z(t,n) B(v(n), v(n))dn .
Here the bilinear operator M(:,-) : C(0,T; V)®2 — C(0,T; V) satisfies
M(0,w) = M(w,0) =0, VwecC(0,TyV)
and Z(t,0) € L(V,V) for fixed t.
The following theorem is a consequence of the analytic version of the implicit function

theorem [5]. Results of this type for the conventional Navier-Stokes system is given in

Sritharan [20].

Theorem 3.4 For fized T* > O there exists a neighborhood of the origin Bys C V such that
for vo € Bas, there exists a unique solution v € C(0,T*;V) to the problem 5. Moreover,

the dependence of v in the initial data vy is Fréchet-analytic.

This means there exists a map
W(t,O, ') . Bz§ cV — B]_& C C(O,T*;V)
such that v(t) = W (t,0; vo) and W (t,0;-) is F-analytic in this neighborhood. That is v(t)

can be written as a power series in the initial data in the following way:

v(t) = W(t,0;v0) = >_ Xn(vo,---,v0;t). (3.16)

n>1

The n-linear maps

Hn(--+) : BY® — By; continously .

This series representation converges in the neighborhood defined above. One can verify

easily that ¥;(vo;t) = Z(t,0)vo. We finally note that due to the uniqueness theorem,
W (t,0;v0) = W(t, t1;W(t1,0;v0)), for0<t <t < oo,
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and W(0,0;:) = I.
If the basic flow field U(t) is T-periodic then
W (2T, 0;vo) = W(T,0; W (T, 0; vo))
and in general
W(nT,0;:) = W(T,0;-)*, for n>1. (3.17)

As noted earlier in the previous section, the Frechét derivative of the solution map (DW)(¢,
0;-) = Z(t,0) satisfies a similar relationship as in (3.17).

Remark: The nonlinear semigroup characterized above is defind (when T™* = o00) only in
a neighborhood of the origin. However in [15] we have proved the global existence and

uniqueness of strong solution in V' using other methods.

3.4 Local Invariant Manifold Theorem

Let the spectrum of the monodromy operator Z(7T,0) € L(V; V) splits into two disjoint

sets oy and og such that 0(Z(T,0)) = oy U o5 and
bs = sup |A| < inf |A| = by!. (3.18)
A€as A€oy

Let Py and Ps be the spectral projectors defined by the Dunford’s integrals,

1
- — A;
Py = — /ru R(); Z(T,0))dA
and Ps = —1— R(X; Z(T,0))dA.

Here R(X; Z(T,0)) is the resolvent operator and I'y,T's encircle oy, 05 respectively. Note

that PS + PU =1 N PsPU = P(sz and Ps,PU commute with Z(T, 0)

Theorem 3.5 (The invariant cone theorem) Let the basic flow be T-periodic in time
so that the solution map satisfies (3.17).
(i) If the spectrum of the monodromy operator Z(T,0) lies inside the unit disc (spectral

radius < 1) then the basic periodic solution is (locally) ezponentially stable: there exists
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p > 0 such that Vv, € B,(0) C V, W(t,0;v9) — 0 ezponentially in the norm of V.
(ii) Let the spectrum of Z(T,0) satisfy (3.18) with by < 1, then there exists a double cone
K CV and a ball B5;(0) CV such that Yoy € Bs(0) N K\ {0}, there ezists n € N for which
W (nT,0; vo)|lv > 6. That is the basic solution is Lyapunov unstable. Here double cone is
defined by

K = {v € V such that || Psv||y < 4|/ Pyvlly, v > 0}. (3.19)

a

Theorem 3.6 (The invariant manifold theorem) Let bs,by < 1. Then in a neigh-
borhood B,(0) C V, there exists two unique, analytic manifolds Ms and My which are
respectively the graphs of the maps, ¢g : PsV — PyV and ¢y : PyV — PsV. The maps

g and ¢y are analytic with,

1. $5(0) = $5(0) = 0;
2. D¢y(0) = D¢g(0) =0 (tangency condition;)

3. manifolds Ms and My are locally tnvariant under the solution map W(T,0; )
W(T,0; My N B,(0)) C My and W(T,0; Msn B,(0)) C Ms;
4. stable manifold Mg satisfies

Ms N B,(0) = {v € B,(0) such that Vn > 0,W(nT,0;v) € B,(0)

and — 0 asn — oo};
5. Unstable manifold My satisfies,

My N B,(0) = {v € B,(0) such that W(T,0;-)"v is defined Vn <0

and tends to zero as n — —oo};

6. if v & Mg then there exists § > 0 and p € N such that, W (pT,0;v)|lv > 6;
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7. dist(My,W(T,0;v)) < dist(My,v) for v € B,(0)  (ezponential attractive property
of the unstable manifold;)

8. dist(Ms,W(T,0;v)) > dist(Ms,v) for v € B,(0)  (repelling property of the stable
manifold.)

Proofs of Theorem 3.5 and 3.6 are similar to those for the conventional Navier-Stokes

system and can be found in detail in [20].
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Chapter 4

Global Invariant Varieties (Inertial
Varieties)

Foias, Sell and Temam proposed in [6] the concept of inertial varieties for certain
class of semilinear evolution equations. In this section we will study the existence of such
global invariant varieties modelled on the invariant subspaces of A. These manifolds will
be invariant to the action of the W (¢,0,-). In section 4.5 we will extend the general theory
in [6] to analyze the regularity of the inertial manifolds. Let us first obtain certain overall
bounds for the solution in various norms and show that the dynamics is characterized
by a compact global attractor. The global manifolds to be constructed will contain this

attractor.

4.1 Overall Bounds for the Solutions

We can get a weak formulation from the system (2.1)-(2.4) by taking duality pairing

withw eV,

0
< —a—ttf, w > +e(Au, Aw) + v(Vu,Vw) + b(uv,u,w) =< f,w> VweV (4.1)

We will first consider the energy estimate by setting w = u and using the fact that

b(u,u,u) =0,

1d
Ezﬂulz + €||lu|® + v|Vu* =< f,u>. (4.2)
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Using the Poincaré’s Lemma |Vu|? > n,|u|® and the fact ||u|? > p|u|? we get

d 2,
2 1ul” + (emn + 2vm)uf* < %

Here we denote n; as the smallest eigenvalue of Stokes operator A;. We then set oo =

to obtain

2
€y + 2vmy and pf = MXL
€x

lu(?)]® < |u(0)|®e™* + pZ[1 —e™**], @« > 0. (4.3)

We note that in the case of |u(z, 0)| > po, the energy estimate in (4.3) show that |u(t)] is
bounded by a monotone decreasing exponential funtion. On the other hand, if |u(z,0)| <
Po, then |u(z,t)| < po for Vi € R*. Hence for any ball Bg = {u(0) € H; |u(0)] < R}, there

is a ball B,, in H centered at origin with radius ry > pg such that

Rz—pg

1
w (t,O; BR) - B"o’ for t > to(BR) =—In -
a 15— o

(4.4)

The ball B,, is said to be exponentially absorbing and invariant [10,11,6] under the
action of the map W (¢,0;-).
Let us now proceed to get other estimates. Notice that from energy estimate if u, € Bp

and t > to(Br), by integrating (4.2) from ¢ to ¢t + 1,
t+1 1 1
[ lulitar < S 13+ 21 ] = o (45)
To prove uniform bounds on different norms we use the uniform Gronwall inequality [6,15]:

Lemma 4.1 (Uniform Gronwall Inequality) Let g,h,y be three positive locally inte-

grable functions for t* <t < +oo which satisfy

d
-c-gggy+h Y t>t* and

t+1 t+1 t+1
/ g(s)ds < oy, / h(s)ds < az, / y(s)ds < a3,
t t t
for allt > t*, where ay, oz, a3 are posttive constants. Then
y(t +1) < (a2 + ag)ezp(a;) , Vit>th (4.6)
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Let us now suppose that f € H and set w = Au in (4.1),

1d

5 o1l + el 4wl + 1|V Azul? < eafult/2 ] |Aul*’ + 1) | Au.

Here we have used the estimate in (2.10) for trilinear form b(u,u, Au). Using the Young’s
inequality, we obtain the following differential inequality after dropping the positive term
v|VAyul?

2 + el duf? < ofuf?ul* + 225, (4.7

We showed earlier that any solution will enter an absorbing ball B,, in H for t > to(Bg).

Thus

d 2| fI2
L) < ey (r2) o + 210

This result together with the estimate (4.5) allows us to apply the uniform Gronwall

2 2
inequality with y = ||u||%, g = ¢} (r2)||u|* and h = —ﬂ- we get
€

2|7

- ) exp(cy ré 00), for t > to(Br) + 1,

lu(®)]* < (o0 +

where to(Bg) is given in (4.4). This means that there exists an absorbing ball B, of

radius r; in V such that all the solutions will enter this ball after certain time:
W(t,O; BR) C B"n for t > to(BR) + 1.

Since B,, is compact in H we conclude that W (¢, 0;-) maps bounded sets in H into compact

sets. Note that it follows from (4.7) that for t > to(Br) + 1,

27
€

t+1 2 1 ' 2 4
/t |[Aultdr < = (¢} rErt + | = or. (4.8)

Now, let us set w = A%u in (4.1) to get

1d
571 Aul” + el Au|l® < v|Au||lAu)| + cofu] [lull | Au]| + [|F]] || Aul.
Since any solution will be absorbed by balls B,, and B,, after time t > t;(Bg) + 1, this

becomes

d 1202 122 12
vl < ——lAuf" + —=2(r3)(r]) + IS
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Hence, we can apply the uniform Gronwall inequality again to conclude that

1202
€

12
| Au(t)* < [o1 + —(cirori + IfII*)] exp(——), for ¢ > to(Br) + 2.

That is, there exists an absorbing ball B,, of radius r; in D(A) such that all the solutions

will enter this ball after time t > to(Bpg) + 2:
W(t,0; Bg) C B,,, fort > to(Bg)+ 2.

Note that
closure of U wWi(t,0;Bg)

t>to(Br)+1

is compact in H. Now, the compactness of the operators W (¢, 0;-) in H implies that there
exists a compact attractor A which attracts every bounded sets in H. In fact, A is the

global attractor for the operators W(t,0; -) and it is also the w-limit set of absorbing set

B,,,i.e. A = w(B,,). This means if we denote W(¢,0; B,,) = B,,(t) then

A=()el (U B,,(T)) .

720 t>r
Note that the global attractor A must be contained in the absorbing balls in H, V and
D(A):
A g Bro N Brl 0 B"z‘

In addition one can show that if W(t,0;-) is injective then in A, W(t,0;-) will be defined
for all t € R [19]. Such a result for 2-D conventional Navier-Stokes equations has been
proven by Ladyzhenskaya [10]. In the appendix we prove the time analyticity of the map
W (t,0; ) which implies injectivity.

Remark: Note that if we assume f € H, then from the energy estimate we also get

ilulz + (2ep; + vm)lul? < LA
dt ! ! - Vf]l'
Fils

- we obtain
vmoa

By setting o' = 2eu, + vn; and pf)z =
lu(t)? < [u(0)]?e=*" + ph? [1 —e™>"t], o > 0. (4.9)
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Notice that the above estimate is uniform in e. Let us denote W(t,0; B,) = By (t) and

note that (4.9) implies that the absorbing ball B, (t) will shrink as ¢ increase. That is
B,.('] (tz) C B,-(I) (tl); for t2 > tl-

Note that from energy estimate we can also deduce,

1

[ (Vufrdr < Lot g )= 0h for t > to(Ba)
t T= o vm -0 = FER

Let us now set w = A;u in (4.1),

1
E%IV“P + G‘VAZUP + VlAltlIz < C1,U|1/2|Vu| |A1u|3/2 + If' IAIUI- (4_10)
In the above we have used the following estimate for trilinear form b(u,u, 4;u4) which is

valid only for n = 2:

|b(w, u, Asu) < e |u|V/2|Vu||Aul*/2.

Using the Young’s inequality in (4.10) and then dropping positive terms €|VA,ul? and

v|A1ul?, we get
d 2|f|?
EIVulz < alu’[Vul* + -
By applying the uniform Gronwall inequality again to obtain

2|11

Vu(t)? < (o + =2

) exp(cy rbz a;), for t > to(Bg) + 1.

Note that the estimate is again uniform in e. This means that there exists an absorbing

ball B, in V* = {u € Hj(2); divu = 0} such that
W(t, 0; BRI) - B,-'l, for t > to(BRI) + 1.

Let us denote the global attractor A, as w-limit set of absorbing set B,. This means if

we denote W (t,0; B,:) = By (t) then

A = OO cl (U B,rl(r)) :

t>r
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Note that since W(t,0;-) maps a bounded set in H into compact set in H, A, is compact
in H. (This is due to the compactness of embedding V* in H). All the estimates used
above are uniform in €. Such results will be useful in establishing the limit of A, to the
attractor A* of the conventional Navier-Stokes equations as ¢ — 0. Special cases of such

limit solutions were established in [15].

4.2 Formulation of Inertial Varieties

Let us now consider the system (2.1)-(2.4) as an equation of evolution in Hilbert space

V:
ﬁidﬁ + eAu+vAju+ B(u,u)=f, t>0,
t (4.11)
u(0) =upeV.

In the sequel, we will assume f € H.

In the previous section we observed that although absorbing balls exists in H,V and
D(A) spaces, the positive invariance property can be established only for the H-ball B,,.
However, we are interested only in the dynamics in a neighborhood of the attractor. We
will thus devise a method to restrict our investigation to the dynamics inside the absorbing
ball B,,. We will use a smooth cut-off funtion 6 : R* — [0,1] and 6, (r) = 6(r/ry) such

that
0(f)=1, for 0<€<L1

6(¢§) =0, for £€2>2
|6'(&)| <2, for €2>0,
to modify the equation (4.11):

du

cAu + 0, (||u]|)R(u) = 0,
=+ edu + 6, ([ul) R(w) o

where R(u) = vAu + B(u,u) — f.
The absorbing property of this modified equation can be shown by taking inner product

with Au to (4.12). Let us consider the solution starting outside the ball B,, in V, i.e.
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||lu|| > 27;. Then we obtain the following simple differential inequality since 8, (||u|]) =0

1d 1
2 Ml + e+ om) [l € 5 S ul? + el 4w + v|V Aguf* = 0.

Here we have used the fact that u;||u||* < |Au|? and n,||u||* < |VAsu|®. This leads to
lu®)* < [u(Q)[*e™,  with 8 = 2(eps + vm1).

Notice that if ||u(0)|| > rs with r3 > 2r;, then the solution orbit will converge expo-
nentially to a ball B,, of radius rs. If |[u(0)|| < r3, then solution orbit will stay inside the
ball B,, and never leave this ball. That is, there exists an exponentially absorbing and
invariant ball B,, in V for this modified equation (4.12). In addition, from the definition
of the cut-off funtion 8, we have 4,,(|u]|]) = 1 for ||u]| < r, (i.e. u € B,,). This means that
the original equation (4.11) and the modified equation (4.12) are identical in the neigh-
borhood of the global attractor. Thus the the dynamics of (4.11) are exactly represented
by system (4.12) after a certain time.

We shall define the solution operator uo — u(t) associated to the modified equation
(4.12) as W, (¢,0;:). The operator W,,(¢,0;-) is defined for all ¢ > 0 and all uo € H.
The existence of the absorbing invariant ball B,, C V implies that W, (t,0;u,) € By, for
t > T.(uo) for any initial condition ug € V. We will thus construct the inertial variety
M with a compact support in B,,. According to Foias, Sell and Temam [6|, the formal
definition of inertial variety is as follows: A set M C V is called an inertial variety of

(4.12) if
1. M is a finite dimensional Lipschitz manifold;

2. M has a compact support and is invariant under the solution operator W,(¢,0;-),

i.e., Wp(t,0; M) C M for all t > 0;
3. all orbits of the solution of equation (4.12) in V' are attracted exponentially to M.

Remarks:

31



(a) We begin with this formal definition given in (6] and then study the smoothness of
such manifolds in section 4.5.
(b) Note that the condition 3 implies that A C M. In fact, if u; € A, then since A is

its own w-limit set, for each ¢t > 0, 3v, € A such that uy = W, (t,0;v,). Now

dist(us, M) = dist(W,(¢,0;v4), M))

< e"*dist(vy, M),

where a is a positive constant. Taking ¢ — oo, we conclude that dist(u,, M) has to be
zero. Since M N B,, is closed, we conclude that u, € M.
Let us now define p = Pyu and ¢ = Qnu for u € V. By applying the projection Py and

Qn to the equation (4.12) we obtain evolution equations for PyV and QnV respectively.

% + eAp+ PyF(u) =0, (4.13)
dq
U | eAg+QuF(w) =0, (1.14)

where

F(u) = 0, (||lu|l) B(w).

Let us construct M as the graph of the Lipschitz function & : PyV — QnV with &

belonging to the class H,,; defined below.

Definition 4.1 Let H,; be the space of Lipschitz maps ® from PNV into QnV which

satisfy

i) e(p)|<b, b>0, VpePyV,
(i) N18(p) —@(p)ll <oy —Pell,  VP1, P2 € PNV,

(i) supp @ C {p€ PNV :||p|| < s}

Note that H,, is complete with the metric
dist (®,9) = ||® — @'||n,, = sup [|®(p) — 2'(p)|-
pEPNV
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Let ® € Hy; and p, € PyV, then p(t) will be determined by the following initial value

problem:
(d
Z+eAp+ PyF(p+3(p) = 0

p = p(t) = p(t; 9, po) (4.15)

\ p(O) = pO
Let us first note that the modified nonlinear term F(u) is globally bounded and Lips-

chitz.

Lemma 4.2 For ® € Hy; and p,,p, € PNV, we have

(i) |F(u)| < dy, (4.16)

(ii) |F(u1) — F(u2)| < ds (1 +1)[|p, — 2ell; (4.17)
where d2 = 2Tl_ld1 + v+ 4607‘1 and dl = 21/7'1 + 4607’% + Ifl.
Proof: (i): Note that we have the following estimates for A; and B(u,v)

|A1u| < ||ul], VYueV. (4.18)

|B(u,v)| < collul|||v)l, Vu,veV. (4.19)
This gives

|F(u)] < 0, (|ull) [ Aru| + |B(u, w)| + | 71]
< 0, (lulf) [#llull + colluli? + |£1]

< 2vury + 4deori + |f| = da, (4.20)

where d; is independent of time.

(ii) We write,
R(u1) — R(uz) = vA;(u; — uz) + B(u1, 4y — t3) + B(uy — uz, uz).
Using (4.18) and (4.19) we get
|R(w1) — R(u2)| < vljug — usl + coflwall [[u2 — wal| + collun — ] [[us]-
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That is,
|R(u1) — R(uz)| < (v + col |t ]| + coluz|]) ||u1 — u2l|. (4.21)

Let us investigate
F(w) — F(uz) = 0, ([|ual) R(u1) — Or, ([|u2]|) R (u2)
for the following three cases.
L ], [|ua]| = 24,
2. |lw]| < 2r1 < |lug]| or [jus]| < 27y < [,
3. ]|, ||uell < 2ry.

In the first case, since both 8,,(||u1]||) = 0 and 4,,(||uz||) = 0 we have
F(u,) — F(u;) = 0. Now if ||u,}| < 2r; < ||u,]| then since 8, (||u,||) = O we have F(u,) —

F(uz) = 0,,(|lu1]) R(w1). Thus

|F(u1) — F(uz)| < [0, (llal) = 8, (l|wal)] | R(w1)]
< 2r | | = [luall | [R(ud)]

< 2r7tdy||ug — e, (4.22)

where d; = 2vr1 +4cor? +|f|. A similar result can be obtained for ||u,|| < 2r; < ||u,||. For

the last case we have
F(uy) — F(uz) = [0, (lwa]l) — 0, (|| uz]) | R(w1) + 6, ([[u2]])[ B(w1) — R(u2)].
From (4.21) and (4.22), we get

|F(u1) — F(u2)| S {27’;1d1 +v+ 4607'1 } ||u1 — U2“
<d

2[|ur — ua), (4.23)
with d2 = 2r1"1d1 +v+ 4601'1.
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Let us estimate
u — uz = p; — po + [B(p1) — 2(p,)]-
as,
s — w2l < (1 + )|y — 25

Combining this with (4.23) gives

[F(u1) — Fuz)| < dz (1+1)[|p, — psf-

In consequence of (4.17), we have

|PnF(p, + ©(p,)) — PnF(p, + ®(p,))| < d2 (1+ Dlp, - p,ll, Py, p; € PNV.

This means Py F is a mapping from PyV into Py H and satisfies global Lipschitz condition.
From a uniqueness theorem for evolution equations in finite dimensions [2,3], there exists
at most one solution p(t) = p(t; ®, p,) for the Cauchy problem (4.15).

Let us now integrate (4.14) from £ to ¢ to get
a(t) = QuS(t - ©a(6) + [ QwS(t = QNF(u(r))dr.

Notice that (4.16) implies that QnF(p + ®(p)) is a bounded operator such that QnF :
PyV — QnH. Hence, there exists a unique solution ¢(t) = ¢q(t; ®, p,) that stays bounded

as £ — —oo. This can be seen as follows: from Lemma 3.3
l@nS(t = €)g(é)ll < M%LCWN“(E_Q —0as ¢ — —oo.
Also it follows from (4.16) that
[ 1ens(—r)QuF(u(r)lldr
< [ 1@nS(t = Dlzionmany) [QnF(u(r)ldr

t
<dr [ 1QnS(t =)l etanmonnidr

< dle—lu;vlﬁ fort € R. (4.24)
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We now take £ = —oco
a=-[ ‘w QnS(t — r)QnF(u(r))dr. (4.25)

Here S(¢) is the holomorphic semigroup generated by —eA described in section 3.1. Since
¢(t) is continuous and bounded for all t € R, we choose t = 0 so that p, € PyV will be

related to ¢(0) = ¢(0; @, p,) by
q(0) = - /_ (; QNS (~7)QNF (u(7))dr.

We thus seek the (unique) uniformly bounded solution of (4.11) on (—oc0,0] with u =

p+ ®(p). We will now define a mapping T : p, — ¢(0) as

(T%)(po) = — [ (; QnS(=r)QnF(u(r))dr, @€ Hy, (4.26)

where u(r) = p(r; ®,po) + ®(p(7; ®,p,)). Notice that the condition that u = p, + ¢(0)

belonging to M is equivalent to the existence of a fixed point for the map T:

q(0) = ®(p,) = T®(p,), VP, € PyV.
4.3 Inertial Manifold Theorem

We will establish the existence of inertial manifold using contraction mapping theorem.

For this purpose we must prove the following:

Lemma 4.3 For ® € H,,, if u}ﬁl - u%z > € dg and | < 2 then the T maps H,,; into
itself:
T:H,; — Hy,,

where d3 = 2d3(1 + )71 and I is the Lipschitz constant for ®.
Proof: We first note that,
Lemma 4.4 For ® € Hy,;, we have
suppT® C {p € PNV :||p|| < r3}, whererz>2r,.
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Proof: We need to show for ||py|| > rs we have T®(p,) = 0 for all € H,,;. Notice that
u = Pyp + Qn®(p) since P} = Py and Q% = Qn. Now AY?u = PyAY?p + QnAY?®(p)
since Py, @y commute with A2, Thus, ||u/|2 = ||p||? + ||®(p)||>. Hence for ||p|| > 2r, we
have ||u|| > ||p|| > 2r;. This implies 8,,(]|u||) = 0 for ||p|| > 2r;.

Let us consider the initial point outside the ball B,, such that ||py| > rs > 2r;. We

can then find a time ¢ such that ||p(t)|| > 2r,, for r < ¢ < 0 and hence 0, (||u|]) = 0. Thus
(4.15) becomes,

dp

—_ Ap=0
T, + €Ap
P(O):Po-

By taking inner product with Ap for above system and using the fact |Ap|* > u||p||?

we get

d
Sl + 26 < 0.

This gives us

()] < lIp(r)lle™” < |Ip()ll, 7 <oO.

Since ||po|| > rs > 2r;, we have |[p(r)|| > rs > 2r;. This means that u(r) always stays
outside the ball B,, for all 7 < 0. Therefore, 8,,(||u||]) = O for all 7 < 0. This gives us
F(u) = 0 and thus T®(p,) = 0.

Let us show that T'® is globally bounded in V.

Lemma 4.5 If p, € PyV, then [T®)(p,) € QnV and

IT@(po)l < b,

with b = 2d16_18_1/2u1_v1_|{f.
Proof: From the definition of the map T it is obvious that T®(p,) € QnV and
0
ITe(eol < [ 1QnS(=7)llccanmiany) IQNF(w)dr.

37



Recalling the estimate for ||QnS(~7)||z(gy#:qnv) from Lemma 3.3 (with a = 1/2) we

get
0 -1,-1/2,-1/2
[ NenS(=n)llcoumanvidr < 267 2ul. (4.27)

It follows from (4.27) and (4.16) that

IT®(po)|| < 2dse7 e 2y = b. (4.28)

Let us now prove the global Lipschitz continuity of the map [T®](-).

Lemma 4.6 If

bn = e(un+1 — un) — do(1+ Dy’ > 0,

then for ® € Hy; and for pgy,, po; € PNV we have

| [T®](po1) — [TR](Poz) I| < U |Por — Pozlls (4.29)
with  I'=d,(1+ l)u]_\,l+/12 [e'l + (e — aNfN)'l] eV exp olzfi (4.30)
and on= i , En=e+dy(1+ l)u;,l/z.
HKEN+1

Proof: Let & be a fixed element in Hy;. Let p; = p,(t) and p, = p,(t) be two different

solutions of the initial value problem (4.15) with p,(0) = py,, P,(0) = py, respectively.

( dp,
—d—t—-i—eApl-f—PNF(ul) =0
$ (4.31)
L p,(0) = py,
and (4
—311—2 + €Ap, + PyF(u;) =0
$ (4.32)
L P2(0) = po2s

where u; = p, + ®(p,) and u; = p, + ®(p,). By subtracting (4.32) from (4.31), we get

d
d_‘:’ + eAp + PyF(u) — PyF(up) =0, (4.33)

38



T

where p(t) = py(t) — p2(t) and p(0) = po; — Poz-
We take inner product of Ap with (4.33) and use estimate (4.17) to get
IIPII2 + €| Ap|* < |Pn[F(u1) — F(us)]| |Ap|

< dy(1+1)||pll |Ap].

2dt

By using the fact |Ap|? < un||p||* we obtain
ol llpll > ~ [eww + a1+ Duil] IR,
which implies
d -1/2
zz”l’” + punén||p]| >0, where ény =€+ de(1+)upy’".

This leads to

P (r) — P2 (7)|| < IlPoy — Pozll exp{—unénT}, V7 <O (4.34)

Now, using the Lipschitz condition on F(u) given in (4.17), we can estimate

IT®(Po1) — T®(Poz)lI< /_Ooo IQNS (=)l on mianv) | QN[ F (u1) — F(us)]|dr

0
<d(1+1) [ 1QnS(=n)llzonmanvlipa(r) = pa(r)l1dr

By applying result (4.34) we get

1/2epn 41

1 T®(po1) — T®(po2)ll < dz(1 +1)||Pos — Pozl| {ﬂN+1/ exp[ 6nT |dr

[oe]

1 1/2 0 1/2
+ (—) / 7|~ / exp| —unénTldr},
—1/2epn 41

2¢ce

where 8y = €(un+1 — pun) — d2(1 + l)p,%z. Note that
1/2ep onéN
u]jv/il./’ N+1 esNTdT S e_l/zl'l'N-f{l (6 _ O-NfN) € 2 (4.35)

with 6y > 0 and ony = un/pN+1- Also

1 1/2 0 _ e
(.2;) /1/26“ |T|—l/2e—ﬂzv€1v‘rd,r < 6_16—1/2;1,1&*_/12 e_N_&k ) (436)
N+1
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We thus get,
IT®(po1) — TO(Po2)|| < V' ||Pox — Pozlls

with
onéN

I'=dy(1+ Duylt [e‘l + (e — oNfN)_l] e /2 exp o

Now in order for the transform T to map H,; into itself, we must have I' < I. An

elementary calculation shows that sufficient conditions for I' < [ are

€lds < pi?,,  withds=2dy(1+0)I"' and

60‘11\/2 + d3 p,-vlﬁ <, with [ < 2.

Combining above two results,
pNa L — uN? > € 'ds,  with ds = 2dy(1+ 1)I"! and I < 2.
O

Lemma 4.7 For ® € Hy,, if u}ﬁ,l > € ld, and | < 2 then the transform T is a strict

contraction on Hy;. Here dy = 2d;(2e7 /% + 1).
Proof: We will first show that for ,,®, € H,, and p, € PNV,
| [T®1(po) — T@2(po)] || < L[| @1 — @3-

Consider two elements ®; and ®; in H;;. We take u; = p; +®,(p,) and u; = p,+®2(p,)

with same initial condition p,. Then analogous to (4.33) we get

d
d_lt’ + €Ap + PyF(u;) —~ PyF(uz) =0

p(0) = 0.

By taking inner product with Ap and again using the fact |Ap|? < un||p||? we get

d
ol + unEnllpll > —doiy® |81 — @4
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where ¢y = e+ da(1 + N uy /2 5 €. This gives us
I22(r) ~ pa(r)l) < 2 43?21 — @l exp{~ i}
In addition, we have
s — us| < (L+D|lpy — Pyl + |21 — ol
Thus combining with (4.23) we get
|F(u1) — F(u2)| < da[(1+ Dllpy — pol + |81 = &2 |-
This gives

| T®1(po) — T®2(po)| <

dzf 1QnS (=7)l ecanmanv)| (1 + DlIpi(r) = po(7)|| + (@1 — Rel|Jdr

By applying the estimate (4.37) we get

1 T®1(po) — T®:2(po)|l <

0 dn _ _ .
&2)18: = @] [ QNS (—Dllziaumamnll + Zun" (14 Demrn]dr.

From (4.27), (4.35) and (4.36), we finally get

IT®1(po) — T®2(po)l| < € da( 2e™/*uyly + uy'* 1')[[ @1 — o

= L|[®; — ®,,

where !' is given in (4.30).

In order for T to be a strict contraction we must have L < 1. Let us choose

1
L:dzf_l( /"l‘N/ +u 1/21)S'2‘

1/2 1/2

Since I' <! and py” < pyy,, a sufficient condition for L < 1/2 is
ps? > e'd,, withd, = 2d; (272 +1) and I < 2.
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Let us now establish the existence of the inertial manifold for (4.12).

Theorem 4.1 Let ® € Hy; with0 <1l <1 and b be given in ({.28). Let N* be given and
for R = r3+ b, along with 0 < v < 1 — 1, there exist constants ds,ds depending only on

l,ri,v, f and Q such that the following three conditions are satisfied:

(i) N > N*;
(if) p}f31 > € Mdg;

(i) 12, — w3 > € ds

Then the transform T has a fized point ® € Hy;. The manifold M defined by the graph of

® is an inertial manifold for (4.12).

Proof: From Lemma 4.3 and Lemma 4.7,Awe see that the transform T maps H,; into
itself and is a strict contraction. Thus there exists a unique fixed point ®* € H;; such that
T®* = ®* by the contraction mapping theorem.

We note here that by construction the manifold M is invariant to the action of the
nonlinear evolution operator Wp(t,0;-). To see this we first write the relationship T®* =
®* as

2'(p) =~ [ QuS(-r)QwF(u(r;&",p))dr, (4.39)
with u(r, p,) = p(7; ®*, py) + ®*(p(; ¥*,p0))-

Let p(t) = p(t; ®*, p,) be the solution of (4.15) that is defined for all t € R. Then we
need to show that ¢(t) = ®*(p(t)) is a solution of (4.14). Let us consider ®*(p(t)) and

using the fact u(r, p(t)) = u(r, Wn(t,0; po)) = u(7 + ¢t; py) to get

& (p(t) =~ [ QwS(~7)QuF(u(r,p(t)))dr

=—[ QnS(-7)QnF(u(r +t,po))dr
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By setting 7 = — t and from (4.24), (4.25) one has
t
o (p(t)) = — /_ QnS(t—n)QnF(u(n,py))dn, forallte R.

By making use of Leibnitz rule formally, we find that

dCI)(;t(t) + eAQN[ — /_too QnS(t - ﬂ)QNF(u(n,pO))dn] + QnF(u(t,py)) =0O.
This gives
20 1 caQud (p(t) + QuF(p(t) + ' (p(1) = 0

Clearly, we see that (p(t), ®*(p(t))) is a solution of (4.13), (4.14). Hence u(t) is a solution
of (4.12) with ¢(t) = ®*(p(t)). This proves the invariance property Wpn(t,0; M) C M.
We shall now establish exponential attractive property of the manifold M. Let us recall

a theorem on the squeezing property of solution orbits [15].

Theorem 4.2 Let W, (t,0;u0) and Wp,(t,0;v0) be two solution of (4.12) with uo,vo €
Br C V. Then there exist constants C1,C, depending only on R, T, f,

€,v,v and (1 such that for every v > 0 and every t € [0,T|, we have either
QN [(Wam(t, 0; 40) — Win(2,0;90)]l| < || Pv[Wa(t, 0; o) — Wi(t, 0; vo)]||

or

W (2, 0; u0) — Wpn(t,0;v0)|| < Cpexp(—Caepnirt)| o — voll (4.40)
for every N > 1.

We will now show that this property implies that the manifold M be globally exponen-

tial attracting. For convenience we choose N* such that

> 2026t0
N+ 41 Z Tog(2C1)”

This gives
QN [Win(t, 05 60) — Win(t,0; o)][| < 7 [| Pn[Win(t, 0; ) — Win(2, 0; vo)]| (4.41)
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and

1
[Won(2, 0 56) — Win(t, 0;00)]| < 5 [tto — wol (1.42)

for ty < t < 2ig.
Let us denote the distance between any point w in the absorbing ball B,, in V' and the
manifold M by
dist(w, M) = inf{||lw — v| : v € M}.

Let vy € M so that vo = Pyvo + ®(Pnvo) and that ||ug — vo|| = dist(uo, M). Moreover, it

can be shown that ||Pyvo|| < rs for vo € M. Hence for & € H,;, it follows at once that
lwoll < [|Pxvol + [|2(Prvo)|| < rs+ b.

hence we can choose R = r3 + b such that uy,vq € Bg. Let us now apply the squeezing
property stated above. We shall first establish the attracting property in ¢t < 7 < 24,
using either one of conditions (4.41),(4.42).

Using (4.42), we get

dist(Wp(t, 0; uo), M) < ||[Wi(t,0; uo) — Wp(t, 0; vo)||

1 1 . :
S 5-““0 - v0|| = Edlst(‘UQ, .M.)

Note that v, will always stay on the manifold for t, < 7 < 2t,.
Let us consider a point u(t) which has evolved from u, € Bg. That is u(t) =
W,.(t,0;45). Then there is a point on the manifold M which can be represented as

v* = PyW,(¢,0;u0) + ®(PyWp(t,0; uo)). It follows from (4.41) that

dist (W, (%, 0; uo), M) < ||[Wp(t,0;u0) — v*||
< |QNWn(t, 0; uo) — ®(PnWm(t,0;uo)) ||
< | QNWm(t, 0;40) — QNWn(t,0;v0) ||

+|® (PvWin(t, 0; o)) — ®(PNWi(t,0; uo))||
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Since M is invariant to the action of W,,(t,0;-), we have Q NWy,(t, 0; vo) =8 (PyW,,(t, 0; vo)).

Note that we also have

||®(PNWin(t,0; v0)) — ®(PnWi(t,0;u0))]|

< 1 ||PNWp(t, 0;v0) — PNWx(t,0; uo)||-
From this it follows that

dist(Wem(t, 0; u0), M) < (v + 1) || PhWim(t, 0;v0) — PNWp(t, 05 uo) ||
< (v + DI[Wa(t, 0590) — Win(t, 0; uo) |

1 1 ..
< §||uo — | = Edlst(uo, M).

Here note that uy < uny4+3 and v+ 1 <1.

From the semigroup property of W,,(t,0;-), we can deduce that
1 n
dist(Win(t, 0; o), M) < (5) dist (uo, M).
Suppose we write t = nt with t; < 7 < 2¢;, then
dist(Win(t, 0; uo), M) < e~ %o M2 dist (o, M).
This means that

dist(Won,(t,0; uo), M) — O exponentially, as t — oo.

4.4 Spectral Growth Rate

Let us now discuss the spectral gap condition for operatorA. As established in the

previous sections, a sufficient condition for the existence of inertial manifold is

HNty — BN > €ds, (4.43)

for each € > 0.
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Let us consider the following two eigenvalue problems:

(—A)Y = vy
(4.44)
Ylon =0, Alan =0
and
(—A)?¢+ Vp = pué
V-¢=0 (4.45)

Plaa =0, Adlsg =0

The eigenvalues vy of (4.44) can be obtained by the minimization problem:

Aup? A

vy = inf BWAY_ ueV,

ueMi_,  (u,u)  uemi_, |u|?’
where V = {u € H*{1),ulsq = 0} and My_; = span{ty,---,¥n_1}. Similarly, for
eigenvalues puy of (4.45), we minimize the Rayleigh quotient with u restricted to the space

V. Since V is a subspace of V, by First Monotonicity Principle [22] we can conclude
UN 2 VN.

It can be shown that the growth rate of the eigenvalues vy of (—A)? for an arbitrary

smooth bounded domain 2 C R™ are [4,17]
4/n
vy ~ 167t (B]:_V) as N — oo.

Here V is the volume of 1 and B, is the volume of the unit ball in R". Since uy > vy,
we also have

pn ~e¢N¥"  as N — oo.

Here py is eigenvalues of dissipation operator A = Py(—A)? and n is the space dimension.
In particular, for space dimension n = 2, we have uy ~ ¢ N2, It is easy to see that for

sufficient large N we get

1/2 1/2
I‘}\{+1 - l‘l\{ ~ 2,
. . . . ds .
This indicates that there exists an inertial manifold only for € > 1—72 instead of each € > 0.
c

Notice that if eigenvalues uy ~ ¢ N2*% as N — oo, then the large spectral gap condition
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e

in (4.43) is satified for every e > 0. This will be true if A = Py(—A)**%, § > 0. Hence the
dissipation operator A associated with regularized Navier-Stokes equations in arbitrary
two dimensional domains, the spectral gap condition is marginal. However the spectral
gap condition for A is satisfied for the following case.

Let us consider problem (4.45) with periodic boundary conditions. Using Fourier series

we get the eigenvalues as

1674
e =

e= okl with k= (ki k).

In particular, for n = 2 we have

167

H(ky,k3) = 74 (kf + k:)z

Let us now set S, k) = k} + k%, thus pg, k) = cS(zkl’kz) with ¢ = 167*/L%. According to
magnitude of S, x,), we can rewrite S, t,) in a sequence as 5; < Sz < -+ and this will
establish an ordering of the eigenvalues as y; < g < ---, with uy = ¢ S%. Since Sy is sum

of two squares, we can apply a number theoretic result by Richards [18]:

1
/J'}\ﬁ-l - l‘}\{z = cl/z(SNH - SN) > Zlog Sy as N — oo.

Here we note that when 1 is periodic, A has a zero eigenvalue. Hence, in order for the

earlier theories to apply we should modify A by A+ 8, 8 > 0.

4.5 Regularity of Inertial Varieties

In this section we will study the regularity properties of inertial manifolds M. We will
obtain a sufficient condition for the inertial variety to be C!'. We will prove in particular
that once the existence of inertial variety is established then higher dimensional manifolds

are automatically C*.

Definition 4.2 Let Hbl,, be the subspace of H,; and satisfy:

(i) ”DQ(p)Hﬂ(PNViQNV) <b, b>0, Vpe PyV,

(ii) ”D‘I’(Ih) - D‘I)(Pz)”I:(PNV;QNV) < bhllp, = p:ll, Vpy,p, € PNV.

47



Note that Hy, is complete [12] with the metric

dist(®,®') = sup |®(p) — ®'(p)|.
PeEPNV

In the Lemma 4.2 we established the global boundedness and Lipschitz continuity for

the modified nonlinear term F(u). We will now show similar properties for the Fréchet

derivative [DF|(u).
"Lemma 4.8 For ® € H,; and p,,p, € PyV, we have

(i) |[DF](u) k| < Ki||k||, for fizeduecV;VheV.
(i) |[DF](u1) ks — [DF](u2) ho
< (14 )(Kellha|l + collhz|l) llpy — p,ll + Killhy — haf,

Vu,u, €V; Vh ,h, €V.
Proof: (i) Note that the Fréchet derivative [DR](u) of R(u) is
[DR|(u) h = vA;h + B(u,h) + B(h,u) for fixed uc V.
From (4.18) and (4.19), we get

|[DR](u) h| < v|Ash| + |B(u, k)| + |B(h, u)|

< (v + 2co|ul]) [|4|-

This gives

| [DF](u) | < 6, (||ull) | [DR](u) b

< (v+4eor) |B], VheV.

Thus for fixed u € V, || [DF|(u)||z(v;my < K1 with K; = v + 4cory.

(ii) For any hy, hy € V, We have from (4.48),

[DR](U]) h1 — [DR](Uz) hz = VAl(hl — hz) + B(u1 — ug,hl)

+B(u2,h1 — hz) + B(hl - hg,ul) + B(hg,ul — 02).
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It follows from (4.18), (4.19) that

| [DR](u1) k1 — [DR](u3) h|

< (v + colluz]l + callwsll) s — hall + collhall + ihall) 1us — el
Now, let us consider
[DF](u1) hy — [DF](u2) hy = 0, (||u1])[DR}(u1) by — b, (|| 62|} [DR](u2) b2,

for the following three cases. First suppose that |[u;[|, ||us|| > 271, then we immediately

have [DF](u;) by — [DF](u2) by = 0. If ||u1]| < 2ry < |lus]|, then 6, (||uz||) = 0. This gives
|[DF)(:) by — [DF](u2) he| < |6, (llwall) — 0, (ll2l)| | [DR] (1) ha]
< 2y Kallun — wa| [[Ba |-
For the case ||uy]|, ||uz|| < 2r,, we have
| [DF](u1) by — [DF](u2) by
< 187, (lwall) = 6r (llw2l)] [[DR](u1) k]

+8,, ([[uz]l) [ [DR](w1) by — [DR](uz) hs|

< [(@ri Ky + co)llall + collbel]] [lur — wal] + Killhy — hal.
Combining these results gives,

| [DF](u1) hy — [DF](u2) he|
< (Ke|lhal| + collhzl]) [l — ue|| + Killh1 — haf|, (4.49)
with K, = 2r1'1K1 + ¢g.
Writing u; —u; = p;—p,+[®(p,) —¥(p,)] for ® € Hy;, we get lus—uz|| < 1+ |ip1~p,l|-
Hence, for any hy, h; € V, (4.49) becomes
| [DF](u1) ha — [DF](u2) ha|

< (1 + 1)( K|l + collhall) 1oy — poll + K[| B1 = o

49



O

In order to prove the existence of finite dimensional C! variety M using contraction

mapping theorem, we establish the

Lemma 4.9 For ® € H,,, if I‘N+1 y,%z > e Ky, uny1—un > € 2Keg and 1 <2 then T
maps H}, into itself:
T: H}, — H;y,

where K7 = max{ds, K3, K5} and K¢ = K1 K(1+ b,).

Proof: Let us first show that D(T®)(p,) is globally bounded in L(PnV;QnV) with

respect to p, € PyV.

Lemma 4.10 If & € H}; and p, € PNV, then [D(T®)|(po) € L{PNV;QNV). Moreover,

if b1y = e(un+1 — un) — K1(1 + by)py 12 5 0 then we have

HD(T®)) (o)l cPyvienv) < Mi,

where My = K;(1 + b)uy e [ + (e - UN&IN)—I] e V2 exp a—N%m; and

b1y =€+ Ki(1+ bl)llq—v

Proof: From the definition of T'®(p,) in (4.26), we have Vh € PyV

IDE®)](p)h =~ [ QuS(~r)QnIDF|(w) o (I + [D2)(3)) o [Dp(po)h dr.

Note that from Lemma 4.5, we have (T'®)(p,) € QnV. This means (T'®)(-) is a nonlinear
mapping from PyV into QnV. Hence the Fréchet derivative, [D(T®)|(p,) € L(PnV;QNV)
for fixed p, € PyV. By the definition of [D(T®)|(p,) given above, such result can be
shown as follows: Note that p(t) = p(t; ¥, p,) implies p(:) : PyV +— PyV. Thus Fréchet
derivative of p(t) at p, is [Dp](p,) € L(PnV;PnV). Now note that () : PV = QnV
implies [D®](p) € L(PnV;QnNV). We get

[Dpl(po) + [D®](p) o [Dpl(po) € L(PNV;V).
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Since F(:) maps V into H, we obtain [DF|(u) € L(V;H). Consequently, we have

Qn[DF](u) € L(V;QnH). Combining all the above results :

Qn[DF|(u) o (I +[D®|(p)) o [Dp)(p,) € L(PNV; QN H).

Recalling the properties of the holomorphic semigroup S(—7) described in section 3.1, we
have QnS(—7)(-) : QnH — QnV. Hence D[T®](p,) € L(P~V;QnNV).
Let us now set ¢ = (I + [D®](p)) o [Dp](p,)h € V, then we get

0
ID(T®)](po)h|| < /_w 1@~ S (=7)l| e(an miowv) | @N[DF](u) ] dr. (4.50)
First we need to estimate |Qn[DF](u)y|. Since ¢ € V, we have from (4.46) and the
estimate [|[D®](p) (| z(Puviqnv) < b,
| [DF)(w)9] < K1 ||(I + [D2](p)) o [DP(po)h]|
< Ky (1 + b1) || [Dp](po) hl|-

Let us consider g = [Dp|(p,)h € PyV, for h € PyV. Taking the Fréchet derivative
with respect to p, in the following evolution equation

{ P+ €Ap+ PyF(u) =0

p(t) = p(t; @, po),

we obtain

{ 9: + €Ag + Py[DF|(u)¢ =0
(4.51)

g(0) = h.
Taking inner product with Ag for (4.51) to get

1d

5 2911 + el dgl* < Ki(1+ ) gl | gl

Then, by using the fact that |Ag|? < un||g||* we obtain
d 2
lgll gl = —leun + Ka(t + b2)ux”] gl
This implies

d —_
E”g” + uNé'lN”g” Z 07 where €1N =€+ K1(1 + bl)[.tNl/z.

51



Integrating from 7 to O gives

gl < llg(0) || exp{—pn&1y7}

< [[kllexp{~pné1yT}, V71 <O0. (4.52)
Consequently, we have
| [DF|(u)$] < Ki(1 + b1)[|h]|exp{—un&1yT}, V7 <O (4.53)
By applying result (4.53) in (4.50) we obtain

ID(T2)I(po)hl < K1(1+ by)lh] /_(; 1QNS(=7)llcianmianvie *~ O 7dr

—1/2epn 4y
<K b)B [ e

1/2 .o
+(52) [ 7|2 #nEinTar},

2¢e —1/2eun41

Note that here we have similar estimates as in (4.35), (4.36). i.e.

~1/2epn4y on €1
1/2 1. T -1/2 -1/2 -1 NN
EN+1 /_oo eindr < e/ pnis (e —onbiy) e,

with &, = e(uns1 — un) — Ky(1 + b)u)’, on = un/pw41 and
1 \Y2 ro _ on¢
(5) [, I menmdr < et et exp™se
—1/2epn 41

We then have
N D(T®)](po)h| < Mi||h||, Vhe PNV,

with My = K;(1 + bl)p,,_vl/z [e*l + (e — UNEIN)‘I] e 2 exp —EUN:: . Thus
I[D(T®)](po)l| e(Pwvignv) < M. .
d

Let us now prove the global Lipschitz continuity of map [D(T'®)](-). Note that here
[D(T®)](-) defines an operator valued map PyV — L(PnV;QnNV).

52



Lemma 4.11 If §] = euny1 — un(€1y + En) > O then for @ € Hy, and py;, poy € PNV
we have

| [D(T®)](Por) — [D(T®)](Poz) | (pwvianv) < 1 llPox = Pzl

with

li = C3 [1 + K1(1 + bl)ﬁ—lﬂ]—vl/z]

X {ufvlﬁ [e"l + (e — on(&1y + fN))'l] e /% exp on(

E1y + €N) }
2¢ )

Proof: Let ® be a fixed element in H},. Let p,(t) and p,(t) be two different solutions
of (4.15) with p,(0) = py; and p,(0) = po; respectively. Let us first consider the term
| [DF)(u1)%; — [DF](u2)¥,|, from (4.47) we have

| [DF](1) %, — [DF(uz2) ¥,

< (14 DKzl + collall) lpr — pall + Kall9s — ¢, (4.54)

with ¢, = (I + [D®|(p,)) © [Dpy}(Por)b € V and ¢, = (I + [D2](p,)) o [Dpy](per)h €V,
V h € PyV. By setting g, = [Dpy)(po1)h € PvV and g, = [Dp,}(py:)h € PNV, we

immediately have

1]l < (1 +81)lga | (4.55)

and ||¢h,]| < (1 + b1)llg.]l- (4.56)
Since ¥, — ¥, = (9, — ¢2) + ((D®](p,) 9, — [D2®](p,)92),
”¢'1 - ¢’2” < ”91 - 92” + || [DQ}(P1)91 - [D‘I’](Pz)gzua

where

| [D(I)](Pl)gl - [D¢](P2)02“

< || [D@](p1) (91 — g2)ll + | ([D2] (1) — [D2](p2)) 02l

< by)lgy — g5l + hllpy — Pl llg2ll-
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This gives
91 — ¥all < (1 +b1)llgx — g:l + lallpy — 22| |- (4.57)

By applying (4.55), (4.56) and substituting (4.57) into (4.54) we get

| [DF)(u1) ¥, — [DF](u2) ¥,]
< (erllgull + ezllgall) 1Py — poll + Ka(1 + b1)[|g1 — @2ll

where ¢; = K;(1 4+ 1)(1 + b;1), ¢2 = ¢o(1 +1)(1 + b;) + Kyl From (4.52), note that we also

have the following estimates:

llg: (7))l < eXP{‘“I‘NleT} |kll, V71<0;
llgz(r)|| < exp{—punéipyr}bll, V7 <0

lpi(7) — p1(7)]| < exp{—pnénT}||Por — Po2l| V7 <0

Now, we need to estimate ||g; —g,||. Let us consider the following two evolutionary problems

for g,(t) and g,(t) respectively:

g1, + €Ag, + PN[DF|(u1)$; = 0
(4.58)
91(0) =h, VhePyV,
and
g, +€Ag, + Pn[DF)(ug)$p, =0
(4.59)
02(0) =h, VhEPNV,

with u; = p, + ®(p,) and u; = p, + ®(p,). By subtracting (4.59) from (4.58), we get

{ g, + €Ag + Py[DF|(u1)%,; — Pn[DF)(u3)$p, =0
(4.60)

g(t) = g:(t) — g,(t), ¢g(0)=0.
Taking inner product of Ag with (4.60) to get

1d

2 A 2
2dtllyll + ¢|Ag]

< |[DF](uv1) ¥, — [DF](uz) %,| |Ag]|
1/2

< [esllpor — poll [Alle™ e et 1 Ky (1 4+ by)lgll] £¥llgl],
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which implies

||a|l + unayllgll = —es uy e En e gy — poy| [l

with ¢z = ¢; + ¢3. This leads to

[g1(7) — g2(7)|| < _#N1/2”P01 — Pol| exp{——uN(le +én)rHiR| V7 <O.

Hence,

| [DF](u1) %, — [DF](u2) .|

< eg [1+ Ky(1 4+ by)e gl ] e Eant 0¥ g, — pos| 1B (4.61)
From (4.61), we obtain

| [D(T®)](per)h ~ [D(T)](pos)h]
< [ 1@wS(=7)lle@umanm] [DFI(w:) ; —[DF)(uz) |
<e¢s [1 + K;(1+by)e™? _1/2] [|Por — Pozl| 2]l

x /_ 1QNS (=)l ctan mianvye #¥ Ein M) dr,

where

0
,/ ”QNS(_T)”ﬂ(QNH;QNV)C_“N(€1”+€”)T dr
—00

on(&1py + €n)
2e

< ”’]_V:El-/f [e”l + (e —on(&1y + GN))_‘] e /% exp

with &, = eun1 — un(€1p + En) > 0. Finally, we get

| [D(T®)](Po1)h — [D(T®))(po) |l < Lillpor — Pocll IRIl, VYV h € PNV,
with

I} =c3 [1 + K;(1+ bl)e_lu;,l/z]

< (Rl [+ = oty + )] e

on(&iy + EN)}
2¢ )

Thus,

| [D(T®)](Po1) — [D(T‘I’)](Poz)nc(PNV;QNV) < 1 [|Por — Poall-
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Now in order for the transform T' to map H, bl , into itself, along with the hypotheses in
Lemma 4.3 we must also have M; < b; and I} < [;. An elementary calculation as before

show that a sufficient condition for M; < b, is

un? — > €'Ks,  with K5 = 2K, (1 + by)b;?, (4.62)

and for I <1 is

p%il — ;1.%2 > € 1K, with K5 = max{Ky, K1(1+ b1) + d2(1 + 1)}
; (4.63)
pn+1 — un > € 2Kg, with Kg = K1 K4(1+ b1), K4 = 4csly?.
Combining above results (4.62), (4.63) with the hypotheses in Lemma 4.3 we get
u}ﬁl - ”%2 > e 'Ky, with Ky = max{ds, K3, K5}
pn+1— by > € 2 K.
O

In previous section, we have proven that T is a strict contraction map on H,;. Since
H ,,1 ; is a closed subspace of H,,;, this immediately implies that T is also a strict contraction
on H}, Together with the Lemmas proved above, we can conclude that there exists a
unique fixed point ®* € H,}', such that 7®* = ®* by the contraction mapping theorem.

Hence we have the following theorem:

Theorem 4.3 Let & € H,}', and with the hypotheses be given in Theorem 4.1. There
ezist constants dy, K¢, K7 depending only on l,1;,b;,r,v, f and 1 such that the following
conditions are satisfied:

(i) N2>N7

(i) pNZ, > e ldg

(i) pnZ, — N’ > € 'Ky

(iv) w1 —pn > €2 K.
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Then the tranform T has a fized point ® € H,,l,,. The finite dimenssonal C! manifold M

defined by the graph of ® is an inertial manifold for (4.12).

a

Let us now compare the spectral gap conditions for Theorem 4.1 and Theorem 4.3.
Notice that for a fixed € > 0 there exist infinitely many choices of N such that the conditions
in Theorem 4.1 are satisfied. Let us assume now that Nj is the smallest number for which
the conditions in Theorem 4.1 are satisfied. Now, for the existence of a C! inertial manifold,
additional conditions (iii) and (iv) in Theorem 4.3 are needed. Note that condition (iv) in

Theorem 4.3 can be written as
1
1/2 1/2 1/2 1/2
(uN/+1 — uN ) (“I\{+1 + uy ) 2 6—2Ke.
Since uy4+1 > Un, We obtain

1/2 1/2
“1\{+1_l"1\; 2

For a fixed €¢>0 and every N > Nj, we have

w2 st (&) -1 (&i)
N+1 N o= e\2d, € € dy
1{Ks 1
e\ 2,
FNo+1
1 (K6 1 )
e\ 2¢ 12 |-
€\ 2€ upyt,
Hence, provided that N > N, condition (iii) and (iv) can be combined into one condition.
i.e.
1 K
llf}\ﬁ-l - #%2 2 ZKS with Kg = max{ﬁ,fﬁ}-
4

This means for N > Ny, a sufficient condition for the existence of a C?! inertial manifold is

1/2 /2 o -
p’}\{+1 - “1\{ > ¢ ' K.

Such result implies that the higher dimensional inertial manifolds are automatically C*.
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Appendix A

Time Analyticity of Strong Solution

In this section we will show the time analyticity of the strong solution using a method
introduced in [21] for the conventional Navier-Stokes equations. Let us first recall an

existence theorem provided in [15] for the evolutionary equation of (4.11).

Theorem A.1 Let n < 6 and up € V, f € L=(0,T;H) be given. Then there ezists a
unique solution of problem (4.11), which satisfies u € L*(0,T; D(A)) N C([0,T);V) and
u' € L*(0,T; H).

|

Let us denote C as the complex plane and Hg, Vi, D(Ac) be respectively the com-
plexification of the spaces H,V, D(A).

Theorem A.2 Let f be an Hc-holomorphic function on D (a neighborhood of the positive
real azis RY) and 1s bounded from D into Hc. Then, the unique solution u in Theorem

A.1 1s an Hc-holomorphic function in a neighborhood of the positive real azis.

Proof : By considering projection of (4.11) in PyHc we get the complex differential

system
ducllvs‘(g) + €Aun(¢) + vPyArun(c) + PvB(un(s), un(c)) = Pnf (A1)
un(0) = Pyt (4.2)
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The above system is equivalent to a finite system of complex ordinary differential equations.
Such a system has a unique solution ux(¢) which is holomorphic in a neighborhood of the
origin [3, Theorem 8.1, Chapter 1]. Let us now obtain an estimate on the size of this
neighborhood in the ¢-plane.

By taking inner product of (A.1) with Aun(¢), we get

1d
2ds

= —Re{e” (B(un(se?), un(se’?)), Auy(se®))} + Re{e?(f, Aun(se®))}.  (A.3)

—||un(se?)||? + ecos 8] Aun(se)|® + v cos 8|V Azup(se)|?

The right hand side of above equation has following estimates:

2|(f, Aun(se®))| < 2|f||Aun(se”)|
ecost

IAUNI2

|£I%.

ecosﬂ

The estimate for trilinear term of real case in (2.10) can be extended to the complex case

[b(w, v, w)| < e |ul*/?u]|*/*|o]]/2| Av|*/*|w]

VueVg,ve D(Ac)w € Hc.
This gives us

2 |(B(un(se?), un(se®)), Auy(se’))]

< 2¢ |un(se”) "l un (se”) || [Aun (se”)[*/?
!

€cosf i0Y (2 C2 i0(2 0y (14
< S hun (oo + (o) Plun(oe®)]
ecoso . 5 ;
< S (o) + llun(seI

Thus equation (A.3) becomes

diHuN(se"")H? + €cos 0|Au]\,(se"")|2 + 2v cos 8|V Ayuy(se’)|?
s

71"+

(—)”“N(Se NI°.

ecosl9
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We can drop positive terms € cos 8| Aun(se)|* and v cos 6|V A;upn(se)|? to obtain a dif-

ferential inequality,

]
C3

(cos8)

2
ecosd

oeays L+ (oI T, (A4

IF1* +

d . .
Tllun(se?)|* < sllun(se?)]|°

!
Cy

where ¢, = max(c},2|f|w/€) and |f|oo = |f|z=(0,1;n5)- Then, by integrating the differential

inequality (A.4) from O to s we get
lun(se®)|* < 1+ 2/ |uo|f?
with
0 < s < afcosb)?,
and

L3 1
8ci(1+ [luoll?)*

This show that the Galerkin solution uy(¢) is uniformly bounded in the region Ap(0)

of the complex plane C. Here,
Ap(0) =DNA(0), A(0)={¢=se?,0<s< afcosh)|6]< ’2-’}.

Therefore, the domain of holomorphy in time can be extended from the neighborhood of
the origin to Ap(0). Moreover, for any ¢ = se’’ € Ap(0), we have
Sup lun())* < k1, Ky = ka([|wo]])- (A.5)
Let us now consider the passage to the limit of the solution ux(¢). From the estimate
(A.5) and the compactness of the embedding Vo C Hc, we conclude that for ¢ € A p(0),
{un(¢)}%_, belongs to a compact set in Hc. Hence, by the vector valued version of
the Vitali Convergence Theorem [7, Theorem 8.2.1], there is a subsequence {uy,(¢)}52, of
{un(¢)}%-, that uniformly converges to Hc-holomorphic function u*(¢) on every compact

subset of Ap(0). Notice that the restriction of uy(¢) to the positive real axis will concides
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with the Galerkin solution ux(t). Hence, it is also true that the restriction of u*(¢) to
the positive real axis concides with the unique solution u(t) described in Theorem A.1.
Therefore, u*(¢) can be viewed as a holomorphic extension of u(t) to the region Ap(0). This
implies u*(¢) is unique as well in the holomorphic region Ap(0). Due to the uniqueness of
u*(¢) on Ap(0), the entire sequence {un(¢)}%-; should converge to u*(¢) in Hc uniformly
on every compact subset of Ap(0). We will thus denote u*(¢) = u(¢).

Let us now consider the inequality in (A.4) for 0 < ¢, < o and s > ¢,. Integrating the

differential inequality from ¢, to s we obtain
|lun(se?)||* < const., with t; < s < to + a(cos8)>.
This implies that ux(¢) is holomorphic in the region Ap(to) of the complex plane C, and
Ap(te) = DN A(te), Alte) = {¢ = se”,to < s < to + a(cos 8)3,|0] < g}.

Iterating this argument, we can conclude that u(¢) is an Hc-holomorphic function in

the region A of the complex plane C, with

A= |J Ap(to)-

t0>0

That is, u(¢) is an Hg-holomorphic function in a strip containing the positive real axis.

O
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